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Isothermal-isobaric nonequilibrium molecular dynamics and Green-Kubo simulations are 
developed and used to calculate the thermal conductivity of an 864 particle Lennard-Jones fluid, 
with one simulation for 6912 particles, in the vicinity of the critical point. A small enhancement 
of the conductivity is observed. The isothermal compressibility is also evaluated. Agreement 
between the simulated data and the isothermal compressibility of argon is excellent. 

Keywords: Nonequilibrium molecular dynamics simulation; thermal conductivity; isothermal 
compressibility; critical point phenomena 

1. INTRODUCTION 

In this paper we report preliminary simulation results for the behavior of the 
thermal conductivity coefficient, A, of an 864 particle Lennard-Jones fluid in 
the vicinity of the critical point. The calculations are of interest because 
numerous authors have established experimentally that the thermal 
conductivity coefficient diverges as the critical point is approached. In fact, 
data obtained by heat transfer and/or light scattering techniques are 

* Present address: Department of Chemistry, The University of Queensland, Brisbane, 
Queensland 4072, Australia. 
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386 D. J.  SEARLES et a/. 

available for such diverse fluids as argon, carbon dioxide, steam, hydrogen, 
methane, helium, ammonia and the refrigerant R134a [ 1, 21. In general, if 
variables AT and Ap are defined by 

AT = ( T  - T,) /T ,  

A6 = (P - P C > / P C  

where p is the mass density, T is the temperature and the subscript c denotes 
the critical value, it is found that the anomalous conductivity is observed in 
the approximate range lATl 5 1/3 and 5 2/3. Figure 1 for the 
conductivity of carbon dioxide, extracted from Ref. 111, is a well known 
example. 

At the outset we acknowledge that it has been shown that the location of 
the critical point of a Lennard-Jones system, or any other potential model, is 

I I 4 0  I 

0 305.m 

0 307.9% 

lu) - A 313.15K 

0 323.15K 

+ 348.1% 

1 

100 300 500 700 

DENSlTY/(kg m-3) 

FIGURE 1 The thermal conductivity of carbon dioxide in the vicinity of the critical point 
( p , =  467.8 kg/m3, T,= 304.13K) extracted from the work of Sengers [I] and reproduced by 
permission. 
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THERMAL CONDUCTIVITY 387 

especially sensitive to the number of particles, N ,  and the potential cut-off 
distance, rCut [3,4]. But we stress that an investigation of the variation of the 
Lennard-Jones critical point with N ,  and r,,,, and the possible variation of 
the thermal conductivity, is not an objective here; the calculations become 
very lengthy otherwise. Accordingly, we focused this study on a system with 
N = 864 and rCut = 3.379, with respect to only one set of critical parameters, 
namely the critical temperature and density values from the equation of 
state of Nicholas et al. [5] (T, and pc=0.35), recognizing that these values 
may not apply exactly to our systems. The constraint can be monitored, 
however, by evaluating, under the same conditions used to calculate the 
thermal conductivity, the isothermal compressibility, IQ: 

d In V 1 =-- 
T k B T v  

where V is the average volume of the system at pressure p ,  and kB 
Boltzmann’s constant. The compressibility can be found relatively easily 
either by simple differentiation along an isotherm or by evaluating the 
fluctuations in volume, (AT2),. We argue that if the calculated I C ~  displays 
an enhancement around our selected T, and p,, these critical parameters 
must be reasonable. 

2. SIMULATION ALGORITHMS 

Computer simulations of the thermal conductivity coefficient are relatively 
scarce, but methods to simulate transport properties in general have 
improved substantially over the last few years, largely because of the 
versatility and success of the technique of nonequilibrium molecular 
dynamics (NEMD) and because simulation algorithms are available that 
are no longer restricted to the microcanonical ensemble [6,7]. In fact, the 
equations of motion and the algorithms used in this work are now standard 
[7- lo]. 

The equilibrium and nonequilibrium molecular dynamic simulations were 
carried out in an isobaric-isothermal ensemble with a NosC-Hoover 
constraint used to maintain the pressure and a Gaussian constraint to 
maintain the temperature [7,8]. The isobaric-isothermal, rather that the 
more conventional isochoric-isothermal ensemble, was selected mainly 
because we wanted to evaluate the isothermal compressibility directly from 
Equation (2). 
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388 D. J.  SEARLES el al. 

2.1. Equilibrium MD 

All calculations, for MD and NEMD, were performed for a system of N 
particles of mass m in simulation volume V characterized by the two-body 
Lennard-Jones potential, 

where r = rii = Iri-ril for all particles i andj; E and cr are the energy and size 
potential parameters but, as is usual practice, we set E = 1, m = 1 and cr = 1. 

The equations of motion for the equilibrium isobaric-isothermal 
simulations are [7], 

q i = p i f m + i q i  

v = 3 i v  
p .  1 1  = F .  - & p .  I - a p i  (4) 

where qi and p i  are the coordinates and peculiar momenta for each particle, 
i, and the force is given by Fi = - cjzi Vri U(rQ).  The dilation rate E is 
treated as a a Nose-Hoover constraint parameter, where 

withFthe instantaneous pressure and p the target pressure. The term Q is a 
damping constant which determines the extent of the pressure fluctuations. 
It has been shown that time averaged properties are insensitive to the value 

The quantity a in Eq. (4) is Gaussian multiplier given by the expression, 
of Q PI. 

Fi*P;  a = -i+ xi"=, P' 

The thermal conductivity coefficient follows from the Green-Kubo 
expression modified for the isobaric-isothermal ensemble: 

where P ( t )  is the instantaneous volume at time t and the heat flux vector, 
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FQ is given by, 

where & is the instantaneous energy of particle i :& = i C i p  + 5 Ci+j U(rv).  

2.2, Nonequilibrium MD 

Our NEMD algorithm is a straightforward adaptation of that developed by 
Evans in 1982 [9] modified for the isochoric-isothermal ensemble. The key to 
the algorithm is to impose on the system a fictitious heat field vector, FQ 
which gives rise to the heat flux JQ. It can be shown that in the limit of zero 
field, the time average of the nonequilibrium steady state ratio of the flux to 
the field gives the thermal conductivity for the equilibrium system, 

A =  lim ___ 
FQ-0 T V F ;  (9) 

The equations of motion in the isobaric ensemble are 

i j  = p i J m  + i q i  

V = 3 & V  

(10) 

where e is the average energy per particle: e = 
multiplier .i is given by Eq. (5 )  and the Gaussian multiplier now becomes 

G. The NosC-Hoover 

3. RESULTS AND DISCUSSION 

As stated, we assumed that the critical temperature and density were the 
values given by Nicholas et al. [5] and the simulations were carried out for 
the “critical isotherm” (at temperature T,= 1.35) over a range of densities 
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390 D. J.  SEARLES et al. 

spanning the Nicholas et al. critical density, p c = 0 . 3 5 .  We also report data 
for the isotherm T= 2.5 (N 1.9 TJ,  so chosen to give a series of background 
thermal conductivities so that any critical enhancement of the conductivity 
could be highlighted, see below. The isothermal compressibility was also 
calculated at each state point, but it was found that it was best to estimate 
this property from the fluctuations in density or volume, Eq. (2). 

All equilibrium and nonquilibrium MD simulations were carried out in a 
periodic cubic cell with a timesteps of 0.001 or 0.002. Target temperatures 
and densities were selected and the pressure for each state point was 
determined using an isochoric-isothermal simulation. The pressure was then 
constrained at the calculated value and the simulation continued under 
isobaric-isothermal conditions. To constrain the pressure, a value of 
Q/NkT = 100 was selected by trial and error although, as remarked, the 
choice of Q was, apart from questions of computational efficiency, 
unimportant. For the equilibrium simulations, the thermal conductivity 
was determined using the Green-Kubo integral of the dissipative flux 
(Eq. 7). Simulations at each state point were run for at least lo3 reduced 
time units, during which time correlation functions were calculated in the 
time domain, 0 < t < 10. For the NEMD simulations, a field was applied in 
the x-direction: FQ = iFQx. For each state point, a minimum of four different 
field strengths between 0.01 and 0.15 were used and the conductivity 
estimated from Eq. (9) after extrapolation to zero field by fitting an even 
quadratic polynomial to the field-dependent data. Simulation times for the 
NEMD simulations ranged from t=200 to t=6000 for each field, with 
longer simulations required for the low field calculations. 

Figure 2 displays the calculated isothermal compressibility and it is seen 
that there is a sharp increase around the selected critical density at the 
selected critical temperature, substantiating that our choice of T, and pc  is 
not unreasonable. As a matter of interest, Q- for argon was estimated at 
corresponding reduced temperatures and densities from the equation of 
state of McCarty et al. [I I]  and reduced by the Lennard-Jones parameters 
a=0.341 nm and &/kg= 119.8 K [12]. Considering the imprecision in our 
choice of critical parameters, agreement is excellent. 

The critical isotherm simulations are presented in terms of a critical excess 
conductivity, AX&, T ) ,  defined as follows. If contributions to the thermal 
conductivity from the influence of the critical point can be neglected, one can 
write a density and temperature dependent excess conductivity AX&, T):  
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FIGURE 2 Simulated values of the isothermal compressibility at T=2.5 (filled sqares) and 
T =  1.35 (filled circles) estimated from the fluctuations in volume, Equation (2). The curves are 
argon data from the equation of state of McCarty [l l]  reduced by the Lennard Jones potential 
parameters [12]. 

or, trivially 

where, A,( T ) ,  is the dilute gas, density independent, thermal conductivity 
and &(P, T )  is the total conductivity with I(A6, AT) [  >> 0. Close to the 
critical point, however,I(Ap,AT)l --$ 0 but Eq. (12) can be extended to 
become, 

A (p,  T) = Ao (TI + A h  (P, T )  + A &  (P ,  T )  I(&, AT)\  + 0 (13) 

hence defining the excess AXc (p ,T) .  
Equation (13) is convenient because experiment indicates that the excess 

background conductivity depends strongly on the density but only weakly 
on the temperature [13]. Thus, to a first approximation, AXb (p ,T)  %AXb (p) ,  
provided ](A& AF)l >> 0. Given, therefore, conductivity data in the vicinity 
of the critical point as a function of density at a particufar temperature, we 
can estimate Ax, (p,  T )  - and hence identify a possible critical enhancement 
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392 D .  J. SEARLES et al. 

more clearly - since A0 ( T )  can be measured or calculated at the 
temperature and A& (p ,T)  can be estimated from data outside the critical 
region. 

Here the background thermal conductivity coefficients are the values at 
T =  2.5 shown as Figure 3. The curve is a monotonic, fairly strong, function 
of density that extrapolates smoothly to the dilute gas value, Xo (T ) ,  
calculated from the standard kinetic theory expression [ 121. The equilibrium 
Green-Kubo (Eq. (7)) and the NEMD (Eq. (9)) data points are consistent 
well within their respective error bars. Again, as a matter of interest, we 
compare the simulated data with experiment. The 298.15K set of data 
reported by Tiesinga et al. [2] were reduced with the Lennard Jones potential 
parameters [12] and plotted in Figure 3; agreement between the argon data 
and the simulation is very satisfactory. 

The results for the T= 1.35 isotherm are presented as a critical excess, 
AX, ( pT) .  The background conductivity, AXb ( p T ) ,  was estimated by fitting 
the T = 2.5 data constrained to the dilute gas value. The background was 

h 

4 

3.5 

3 

2.5 

2 

1.5 

1 

0.5 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

P 
FIGURE 3 The thermal conductivity of a Lennard-Jones fluid as a function of density along 
the isotherm T=2.5, well above the critical point. The crosses are obtained from equilibrium 
M D  simulations and the squares from NEMD. The curve is a fit through the simulated data 
constrained at the zero density, dilute gas, value which is shown as a filled triangle. The circles 
are argon data at 298.15K from Ref. [2] reduced by Lennard-Jones parameters. 
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THERMAL CONDUCTIVITY 393 

then subtracted from the T= 1.35 results to give the excess plotted in Figure 
4. A weak enhancement - consistent in principle with experiment - is 
apparent. For the 864 particle system, we estimate that the error bars are 
f 0.15 due to the uncertainty in the simulation and, to a lesser extent, the 
uncertainty in the subtraction. Thus, although we believe the enhancement 
to be real, the evidence is not clear-cut. We note, however, that the Green 
Kubo and the NEMD simulations give compatible results and we are 
satisfied that the simulation algorithms are correct. This small system size is 
of course a constraint, especially because the qualitative behavior of a fluid 
around the gas/liquid critical point can be explained successfully, notably by 
Sengers and coworkers [I ,  61, in terms of the long-ranged fluctuations in the 
density that are characteristic of critical behavior. Clearly the fluctuations 
will be influenced by the choice of N. 

To give an indication of the system size dependence of the critical 
enhancement, we carried out one simulation for a 6912 particle system at a 
density of p = 0.32. Although a slight increase in the critical enhancement 

Ah 

0.3 

0.2 

0.1 

0 

-0.1 

-0.2 
0 0.1 0.2 0.3 0.4 0.5 0.6 

P 
FIGURE 4 The critical excess thermal conductivity at T= 1.35 for the 864 particle iystem. See 
Equation (13). The background thermal conductivity was obtained from the fit of the density 
dependence of the thermal conductivity away from the critical point (see Fig. 3) and the 
Lennard-Jones dilute gas thermal conductivity was obtained from Ref. [I I]. The filled diamond 
is the value for the 6912 particle system. 
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394 D. J. SEARLES et al. 

of the thermal conductivity is observed, a small additional enhancement is 
apparent. 

In conclusion, we have generalised the usual isochoric equilibrium and 
nonequilibrium molecular dynamics algorithms for calculating the thermal 
conductivity. Calculations using these two algorithms are consistent and 
have verified that the computer simulations can predict an enhancement in 
the vicinity of the critical point. However, to relate the results more closely 
to experiment, we will require study of much larger systems, and the 
accurate location of the critical point as a function of system size. This is a 
formidable computational task. 
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